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 要	 	 旨 
	 流体やプラズマ中の密度勾配に対して，背景に形成されたせん断流れの効果についての研究が
近年精力的に行われている．特に交換型不安定性を引き起こす密度勾配に対して垂直なせん断流
れがあるとき，線形理論において特定の条件を満たす場合において交換型不安定性を抑制する効
果があることが確認されている． 
 
	 本研究では，非線形性を入れたときの線形理論との比較を行うために，せん断流れのある２次
元非圧縮性を仮定して簡略化した渦度方程式と密度の連続の式を導出し，せん断流れによる交換
型不安定性の非線形シミュレーションを行った．数値解法には，空間の離散化に擬スペクトル法
を用い，時間積分は３次の Adams-Bashforth 法と２次の後退差分法を組み合わせて使用した．
また，２次元の流体シミュレーションを高速に行うために GPU を用いた並列計算でシミュレー
ションを行った． 
 
はじめに，せん断流れがない場合の交換型不安定性の非線形な振る舞いについて粘性率の大き
さを変更しながら調べた．その後，せん断流れを入れて非線形シミュレーションを行った．まず，
初期擾乱が単一の波数で表される場合について調べた結果，単一の波数の波では線形問題になる
ことが確認できた．次に，複数の波の重ね合わせを初期擾乱として持つ線形安定な条件での非線
形シミュレーションを行い，線形には安定であっても有限振幅のゆらぎによる非線形効果が卓越
し，亜臨界乱流が発生することを観測した．この乱流は線形揺動が過渡的に成長することによっ
て２次的な Kelvin-Helmholtz 不安定性が発生することにより引き起こされる．線形安定な条件
において非線形性によって不安定となって発生する乱流を亜臨界乱流と呼ぶ．亜臨界乱流はその
発生のための初期擾乱の大きさにしきい値を持ち，しきい値以下の擾乱は減衰し安定化するとい
う特徴を持つ．最後に，せん断流れの強さと初期擾乱の振幅を変えて複数のシミュレーションを
行い，線形安定な領域と亜臨界乱流になる領域のしきい値を調べた． 
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2. ?????????????????????
3. ????????????? FFT????????????????????
????????????????????????????????????????
??????????????????????????????? [?]???????
????????????????????????????????????????
????????????????????????????????? 2=3 ????
???????2=3?????? [14]?
????? (2.52)???? 3?????????????????????
f; !g = F 1
h
iky bkx;kyi  F 1 ikxb!kx;ky
+ F 1
h
 ikxbkx;kyi  F 1 ikyb!kx;ky (2.53)
????????F ? 2 ???????????F 1 ? 2 ?????????????
?????????????????????????????????????F ??
12
?????????????F 1 ?????????????????????????
????????? FFT ???????????? O  (Nkx logNkx)  (Nky logNky )
???????????????
????? (2.31)???? 1??? 2??????
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@1
@x
=   g
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????????????????????????????????????????
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2l0
Lx
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0
Ly
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@b!kx;ky
@t
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1
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F
h
F 1
h
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+
1
LxLy
F
h
F 1
h
 ikxb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(2.57)
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2
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@1
@t
=
NkxX
l= Nkx
NkyX
m= Nky
@b1kx;ky
@t
eikxxeikyy (2.59)
??? 3?? Poisson?? f; 1g????????????????????????
????????????????????????????
f; 1g = F 1
h
iky bkx;kyi  F 1 hikxb1kx;ky i
+ F 1
h
 ikxbkx;kyi  F 1 hikyb1kx;ky i (2.60)
?????????? 1??? 2??????
00
@
@x
= 00
NkxX
l= Nkx
NkyX
m= Nky
ikxb1kx;ky eikxxeikyy (2.61)
1 = 
NkxX
l= Nkx
NkyX
m= Nky
   k2x + k2y b1kx;ky eikxxeikyy (2.62)
???????????????????????????????????????
ei
2l0
Lx
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i 2m
0
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y ?????
R Lx
0
R Ly
0
dx dy ??????
@b1kx;ky
@t
+
1
LxLy
F
h
F 1
h
iky bkx;kyi  F 1 hikxb1kx;ky ii
+
1
LxLy
F
h
F 1
h
 ikxbkx;kyi  F 1 hikyb1kx;ky ii
= 00ikxbkx;ky     k2x + k2y b1kx;ky (2.63)
??????????????????????? (2.63) ?????????????
?????????????????????? v0 @1@x ????????
?????????????????
????????????????????????????????Shearing Box
???? (2.44)?????????????????
?????? x????? y ?????????????? (x; y)?????? t?
? (x + yt; y) ????????????????????????????????
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et = t; ex = x  yt; ey = y (2.64)
?????????????????????
@
@t
=
@ex
@t
@
@ex + @ey@t @@ey + @et@t @@et =  y @@ex + @@et (2.65)
@
@x
=
@ex
@x
@
@ex + @ey@x @@ey + @et@x @@et = @@ex (2.66)
@
@y
=
@ex
@y
@
@ex + @ey@y @@ey + @et@y @@et =  t @@ex + @@ey (2.67)
????????????????????????????????
ff; gg = @f
@y
@g
@x
  @f
@x
@g
@y
=

 t@f
@ex + @f@ey

@g
@ex   @f@ex

 t @g
@ex + @g@ey

=
@f
@ey @g@ex   @f@ex @g@ey
= gff; gg (2.68)
??????????????????? (2.31)?
@!
@et   y@!@ex + y@!@ex + gf; !g = 
 
@
@ex
2
+

 t @
@ex + @@ey
2!
!   g
0
@1
@ex
() @!
@et + gf; !g = 
 
1 + 2t2
 @2
@ex2   2t @2@ex@ey + @2@ey2

!   g
0
@1
@ex (2.69)
??????????? (2.69) ?????????????????????????
?? (2.69)?
@b!kx;ky
@et + F
h
F 1
h
ieky(t)bkx;kyi  F 1 ikxb!kx;kyi
+ F
h
F 1
h
 ikxbkx;kyi  F 1 hieky(t)b!kx;kyii
=  

k2x +
eky(t)2 b!kx;ky   g0 ikxb1kx;ky (2.70)
????????eky(t) = ky   kxt???????????????????????
?????? (2.70)???????
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??????  
1 + 2t2
 @2
@ex2   2t @2@ex@ey + @2@ey2

 =  ! (2.71)
??????????? (2.71)???????????????
k2x +
eky(t)2 bkx;ky = b!kx;ky (2.72)
???????????????????????? Poisson ???????? (2.72)
??????
?????????????? (2.40)???????????
@1
@et + gf; 1g = 00 @@~x + 
 
1 + 2t2
 @2
@ex2   2t @2@ex@ey + @2@ey2

1 (2.73)
??????????? (2.73)????????????????
@b1kx;ky
@t
+ F
h
F 1
h
ieky(t)bkx;kyi  F 1 hikxb1kx;ky ii
+ F
h
F 1
h
 ikxbkx;kyi  F 1 hieky(t)b1kx;ky ii
= 00ikxbkx;ky   k2x + eky(t)2 b1kx;ky (2.74)
??????????????????????????????? (2.74) ????
???
????????????????????? eky(t)???????????
eky(t) = ky   kxt (2.75)
??? ky ???????? t ???? kxt ???????????????????
?????? kx ????? kxt?????????????eky(t)?????????
ky ???? kxt????????????????????????????????
?? t????????? t????? eky(t)???????????????????
????????????????????????????????????????
??????????????????????? kxt??? 0??????????
????? 0??????????????????????????????????
????? ky ???????????? eky(t)??????????????????
?????????? ky ???????????????????? eky(t)?????
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? 2: ?????????????????????????????????????
?????????????????? > 0????kx ????  ky ?????
kx ???? +ky ???? jkxtj???????
???????????? eky(t)?????????????????????????
2???????????????????????????????????????
????????????????????????? kxt?????? eky(t)???
??? ky ??????????? jkxtj ???????kx ????????????
??????
??????????????????????? ky ?????????????
???????????????????????????????kx > 0?????
?? kxmin = 2=Lx ????ky > 0??????? kymin = 2=Ly ?????????
kxmint  kymin ?????????????????????? kxt ???????
????????
kxt????????????????????????????????????
???????
1. kxmint  kymin ???????????????
2. ?? ky ??????????????????? eky(t)???????????
????
17
? 3: kxt ???????? ey ???????????kxt ???????????
????ey ?????????????
3. kxt??? 0????????
????????????????????? (2.64)? ey ????????????
??????t = 0? y ???????? ey ???????????????? x???
???????? ey ????? eky(t)??????????????????kxt??
?????????? ey ?????????????????????? 3? kxt??
?????? ey ??????????????kxmint  kymin ???????????
?? ey????????????????????????????????? 3???
???????????????????????????????
2.4 ?????
???????????????????????????? (2.70)????? (2.74)
????????? (2.70)???? 2??? 3??????? 2??? (2.74)????
2??? 3??????? 1?????????? Euler?? 2?? Adams-Bashforth
? (AB2)?3?? Adams-Bashforth? (AB3)???????????????????
?? (2.70)???? 1??? (2.74)???? 2???????????? Euler?? 2
??????? (second order backward dierence formula; BDF2) ????????
18
???AB2?AB3??? BDF2?????????????????????????
????????
??????????????????????????????????
t <
Ch
vmax
(2.76)
??????????? t???????????????????????????
??C ??????????h?????????????????? x???????
y ???????????
x????? : h =
Lx
Nx
y ????? : h =
Ly
Ny
(2.77)
???????vmax ? Poisson??????????????????????
x????? : vmax = max
0xLx
0yLy
@@y

y ????? : vmax = max
0xLx
0yLy
@@x
 (2.78)
???????????? t ??????????????????????AB2?
AB3?BDF2?????????????? t??????????????? [16]?
Adams-Bashforth?
Adams-Bashforth ???????????????? Lagrange ?????????
?????????????y ????????????
dy
dt
= f(t) (2.79)
????????????????? n??????????????
yn+1 = yn +
Z tn+1
tn
f(t) dt (2.80)
???????????tn ?? tn+1 ????????? f(t)? Lagrange??????ef(t)??????? ef(t) ???? yn+1 ?
yn+1  yn +
Z tn+1
tn
ef(t) dt (2.81)
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???????
2 ?? Adams-Bashforth ???????? 1 ?? Lagrange ???????3 ??
Adams-Bashforth???????? 2?? Lagrange???????????????
AB2?AB3???????????
2???????
2??????? (BDF2)??????
???????? t????????????
0 = t
n+1   tn; 1 = tn   tn 1 (2.82)
? (2.82)???? yn ? yn 1 ? t = tn+1 ?????? Taylor??? t? 2????
????
yn = yn+1  0

dy
dt
n+1
+
0
2
2

d2y
dt2
n+1
+O  03 (2.83)
yn 1 = yn+1   (0 +1)

dy
dt
n+1
+
(0 +1)
2
2

d2y
dt2
n+1
+O  (0 +1)3
(2.84)
???????

d2y
dt2
n+1
????????? (2.83)? 0+101 ??? (2.84)?
0
1(0+1)
????? (2:83) ? (2:84)???????????
dy
dt
n+1
 20 +1
0(0 +1)
yn+1   0 +1
01
yn +
0
1(0 +1)
yn 1 (2.85)
????????
0 =
20 +1
0(0 +1)
; 1 =  0 +1
01
; 2 =
0
1(0 +1)
(2.86)
?????? (2.85)? 
dy
dt
n+1
= 0y
n+1 + 1y
n + 2y
n 1 (2.87)
????????2??????? (BDF2)???????
0 + 1 + 2 = 0????????????????????? (2.87)?
dy
dt
n+1
=  1(yn+1   yn)  2(yn+1   yn 1) (2.88)
????????
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??????????
????? (2.31)???????? (2.40)??????? AB2?AB3??? BDF2
?????? 2 ?????? 2 ?????????????????????????
???????? v0 ????????? 2:3??????????????????
? (2.31)?(2.40)? !?1 ???????? y(t)????????????????
? N (y)?????????????? L(y)????????
@y
@t
= N (y) + L(y) (2.89)
????????? (2.89)???????????????
???? 2 ??????????????????? 2 ?????? AB2 ? BDF2
?????????????????????????  ?  ??? 0 ???? AB2
??????????????N (y) ??? AB2 ???????N (y) ? y ?????
? t????????????f(t) := N (y(t))?????????? (2.81)? ef(t)?
(tn; fn) ? (tn 1; fn 1) ?????? 1 ?? Lagrange?????????? (2.82)?
??? ef(t)?
ef(t) = t  tn 1
tn   tn 1 f
n +
t  tn
tn 1   tn f
n 1 =
t  tn 1
1
fn   t  t
n
1
fn 1 (2.90)
?????????fn = f(tn) = N (y(tn)) ????????yn+1   yn ?? (2.90)?
???? (2.81)??
yn+1   yn =
Z tn+1
tn
ef(t) dt
=
fn
1
Z tn+1
tn
(t  tn 1) dt  f
n 1
1
Z tn+1
tn
(t  tn) dt
=
fn
1

1
2
(tn+1   tn 1)2   1
2
(tn   tn 1)2

  f
n 1
1

1
2
(tn+1   tn)2

=
1
1
1
2
 
(0 +1)
2  12

fn   1
1
0
2
2
fn 1
=
0
2 + 201
21
fn   0
2
21
fn 1 (2.91)
????????? (2.91)?????t???????????? 0;1 = t ???
yn+1 = yn +
3
2
tfn   1
2
tfn 1 (2.92)
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????????????? AB2???????????????
?????? yn+1   yn 1 ?
yn+1   yn 1 = f
n
1
Z tn+1
tn 1
(t  tn 1) dt  f
n 1
1
Z tn+1
tn 1
(t  tn) dt
=
fn
1

1
2
(tn+1   tn 1)2

  f
n 1
1

1
2
(tn+1   tn)2   1
2
(tn 1   tn)2

=
fn
1
(0 +1)
2
2
  f
n 1
1

0
2
2
  1
2
2

=
(0 +1)
2
21
fn   0
2  12
21
fn 1 (2.93)
????????? (2.88)?? (2.91)?(2.93)??????????
@y
@t
n+1
=  1(yn+1   yn)  2(yn+1   yn 1)
=  1

0
2 + 201
21
fn   0
2
21
fn 1

  2

(0 +1)
2
21
fn   0
2  12
21
fn 1

=
0 +1
1
fn   0
1
fn 1
= 0f
n + 1f
n 1 (2.94)
????????0; 1 ?????
0 =
0 +1
1
; 1 =  0
1
(2.95)
????????AB2??N (y)???????????? (2.89)? L(y)??? n+ 1
????????????? L(yn+1) = Lyn+1 ?????????L????????
??????????????? (2.89)????? BDF2 (? (2.87))????????
??????????? (2.89)?
0y
n+1 + 1y
n + 2y
n 1 = 0fn + 1fn 1 + Lyn+1 (2.96)
??????????????
yn+1 = (0   L) 1
  1yn   2yn 1 + 0fn + 1fn 1 (2.97)
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????????? 2???????????????????? AB2-BDF2????
? (2.97)???????
? 2???????????? (2.89)???? BDF2???? (2.87)?N (y)????
AB3?L(y)? n+ 1??????????????? 2??????????????
?? AB3-BDF2??????????????? t????? (2.82)???????
0 = t
n+1   tn; 1 = tn   tn 1; 2 = tn 1   tn 2 (2.98)
???????N (y) ??? AB3 ???????? (2.81) ? ef(t) ? (tn; fn) ?
(tn 1; fn 1)?(tn 2; fn 2)?????? 2?? Lagrange?????????? (2.98)
???? ef(t)?
ef(t) = (t  tn 1)(t  tn 2)
(tn   tn 1)(tn   tn 2)f
n +
(t  tn)(t  tn 2)
(tn 1   tn)(tn 1   tn 2)f
n 1
+
(t  tn)(t  tn 1)
(tn   tn 1)(tn 2   tn 1)f
n 2
=
(t  tn 1)(t  tn 2)
1(1 +2)
fn +
(t  tn)(t  tn 2)
12
fn 1
+
(t  tn)(t  tn 1)
2(1 +2)
fn 2 (2.99)
?????????yn+1   yn ?? (2.99)????? (2.81)??
yn+1   yn =
Z tn+1
tn
ef(t) dt
=
fn
1(1 +2)
Z tn+1
tn
(t  tn 1)(t  tn 2) dt
+
fn 1
12
Z tn+1
tn
(t  tn)(t  tn 2) dt
+
fn 2
2(1 +2)
Z tn+1
tn
(t  tn)(t  tn 1) dt
=
1
1 +2

(0 +1)
2
1

0 +1
3
+
2
2

 1

1
3
+
2
2

fn
  0
2
12

0
3
+
1 +2
2

fn 1
+
0
2
2(1 +2)

0
3
+
1
2

fn 2 (2.100)
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?????????? (2.100)????? t???????????? 0;1;2 = t?
??
yn+1 = yn +
23
12
tfn   4
3
tfn 1 +
5
12
tfn 2 (2.101)
????????????? AB3??????????
????yn+1   yn 1 ?
yn+1   yn 1 =
Z tn+1
tn 1
ef(t) dt
=
fn
1(1 +2)
Z tn+1
tn 1
(t  tn 1)(t  tn 2) dt
  f
n 1
12
Z tn+1
tn 1
(t  tn)(t  tn 2) dt
+
fn 2
2(1 +2)
Z tn+1
tn 1
(t  tn)(t  tn 1) dt
=
(0 +1)
2
1(1 +2)

0 +1
3
+
2
2

fn
  1
12

0
3 +1
3
3
+
1 +2
2
 
0
2  12

fn 1
+
1
2(1 +2)

0
3
3
+
0
21
2
  1
3
6

fn 2 (2.102)
????? (2.88)?? (2.100)?(2.102)??????????
@y
@t
n+1
=  1(yn+1   yn)  2(yn+1   yn 1)
= 0f
n + 1f
n 1 + 2fn 2 (2.103)
?????????i (i = 0; 1; 2)?????
0 =
(0 +1)(20 + 31 + 32)
31(1 +2)
(2.104)
1 =  0(20 + 21 + 32)
312
(2.105)
2 =
20(0 +1)
32(1 +2)
(2.106)
24
????????AB3?? N (y)??????????n+ 1??????? L(y)??
(2.87)????? (2.89)??????
0y
n+1 + 1y
n + 2y
n 1 = 0fn + 1fn 1 + 2fn 2 + Lyn+1 (2.107)
??????????????
yn+1 = (0   L) 1( 1yn   2yn 1 + 0fn + 1fn 1 + 2fn 2) (2.108)
????????? 2?????????????????????? AB3-BDF2??
??? (2.108)???????
???????? L(y)??????????????????????????? 0
?????????? BDF2??????????????????????????
?????????????????????????????? 2?????????
AB2??? 2??????????? AB3??????????????? 2????
??????? (2.91)??
yn+1 = yn +
0
2 + 201
21
fn   0
2
21
fn 1 (2.109)
???????? 2????????????? (2.100)??
yn+1 = yn + C0f
n + C1f
n 1 + C2fn 2 (2.110)
????????Ci (i = 0; 1; 2)?????
C0 =
1
1 +2

(0 +1)
2
1

0 +1
3
+
2
2

 1

1
3
+
2
2

(2.111)
C1 =   0
2
12

0
3
+
1 +2
2

(2.112)
C2 =
0
2
2(1 +2)

0
3
+
1
2

(2.113)
????
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2.5 ?????????
??????????????? !????? ?????? 1??? t??? x?y?
????????????
! =
1
g
!;  =
1
L2g
; 1 =
1
L00
1;
t = gt; x =
x
L
; y =
y
L
(2.114)
????L = Lx= ???????????g ????????????
g =
s
g00
0
(2.115)
??????? 1g ????????????????????????
? (2.114)????????? (2.31)????????? Poisson??? (2.34)???
??????? (2.40)????????
?????????? (2.31)?
2g
@!
@t
+ Ly
g
L
@!
@x
+
L22g
L2
f; !g =  g
L2
!   2g
L
L
@1
@x
() @!
@t
+

g
y
@!
@x
+ f; !g = 
L2g
!   @1
@x
(2.116)
????????????????? Poisson ?? [; !] = @@y
@!
@x   @@x @!@y ????
 = @
2
@x2 +
@2
@y2 ???????? = =g? = =L
2g ?????????????
???????
@!
@t
+ y
@!
@x
+ f; !g =  !   @1
@x
(2.117)
?????
????????? Poisson????? (2.114)????
L2g
L2
 =  g ! ()  =  ! (2.118)
????
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??????????? (2.40)?? (2.114)??
L00g
@1
@t
+ Ly
L00
L
@1
@x
+ L00gf; 1g = L00g
@ 
@x
+ 
L00
L2
1
() @1
@t
+

g
y
@1
@x
+ f; 1g = @

@x
+

L2g
1 (2.119)
???????? = =g? = =L2g ???????????????????
@1
@t
+ y
@1
@x
+ f; 1g = @

@x
+  1 (2.120)
?????
???????????????????????????????
@!
@t
+ y
@!
@x
+ f; !g =  !   @1
@x
 =  ! (2.121)
@1
@t
+ y
@1
@x
+ f; 1g = @

@x
+  1

 =

g
;  =

L2g
;  =

L2g

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3 ??????????????????
???????????????????? ( = 0)???????????????
???????????? (2.31)???????? (2.40)?????????????
?????
3.1 ?????????????
????????????????????????!; ; 1 ?????
! = !^ei(kxx+kyy)+t
 = ^ei(kxx+kyy)+t (3.1)
1 = ^1e
i(kxx+kyy)+t
?????????????? (2.31) ???????? (2.40)???????????
? Poisson??? (2.34)?? (3.1)? 3????????? (2.31)?
!^ =    k2x + k2y !^   g0 ikx^1 (3.2)
????? (2.34)?  
k2x + k
2
y

^ = !^ (3.3)
???????? (2.40)?
^1 = 
0
0ikx^  
 
k2x + k
2
y

^1
() ^1 = 
0
0
 + 
 
k2x + k
2
y
 ikx^ (3.4)
?????????????? (3.2)?? (3.3)?(3.4) ???????????????
???k2 = k2x + k2y ????
k2^ =    k22 ^+ 1
 + k2
g00
0
k2x^ (3.5)
? (3.5)??????
 
 + k2
  
 + k2

= 2g
k2x
k2
(k2 6= 0) (3.6)
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????????2g = g00=0 ??? g ?????????????????????
??????????  ???? (3.6)??????
??? =  = D???? (3.6)?????  ????????? (3.6)?
2 + 2Dk2 +D2(k2)2   2g
k2x
k2
= 0 (3.7)
??????????????  ???????
 =  Dk2  g
r
k2x
k2
(3.8)
???? ???????? + ????
+ =  D  k2x + k2y+ g
s
k2x
k2x + k
2
y
(3.9)
?????????? =  = D ?
g > 0;
g
k2x + k
2
y
s
k2x
k2x + k
2
y
> D (3.10)
??????????????????? + ??????????
??? ? kx ! 0; ky = 0??????????????
3.2 ??????????????
?????  ? ?????????? (2.31)???????? (2.40)??????
????????? ? ????????????????????????????
??  ???????? ????????????? Sc ????
Sc =


(3.11)
????? [17]?????????????????????????????????
?????????????
3.2.1 ??????????
??????Lx = ; Ly =  ??? x 2 [0; Lx]; y 2 [0; Ly]??????????
?? ! ??????
!(0; x; y) = 0 (3.12)
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???????? (0; x; y)?????? !(0; x; y)?????????
???? 1(0; x; y)?
1(0; x; y) = f + n (3.13)
?????????f ? 1??????????
f =  cos(2x+ 10y) (3.14)
?????????  = 10 2 ???????? kx = 2; ky = 10????n ?????
????????????????
n =
X
 10kx10
1ky10
0:1 (Rc cos(kxx+ kyy) +Rs sin(kxx+ kyy)) (3.15)
??????????Rc; Rs ??? ( 1; 1)???????
???? t ?? (2.76) ???????????????????????????
???????????????? C = 0:1 ?????????? h ?? (2.77) ???
vmax ?? (2.78)???????
2.4?????????????????? ; ;  ? 3?????????????
????????????????????????????  = 0???? ????
???????????  ?????????? g ????????????
g = 1:0; 0 = 1:0; 
0
0 = 1:0
g =
s
g00
0
= 1:0
(3.16)
???????????????????????? g ???? (3.16) ???????
???  ??????  ???????
??????????????????????????? ? ???
;  = 10 2; 10 3; 10 4 (3.17)
????? 3????? 4??????????????? ; ??????????
???? Sc ?????????? (3.17)???? ; ??????? 4? (a)  (i)?
?? 9??????????????
?????? ;  = 10 2 ??? (c) ? Nx = 256; Ny = 256 ????;  ??
??? 10 2; 10 3 ????? (b); (e); (f) ? Nx = 512; Ny = 512 ?????; 
?????? 10 4 ??????? (a); (d); (g); (h); (i) ?????????????
Nx = 1024; Ny = 1024????
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? 4: ?????  ???????? ?????????????? Sc ??????
; ??????(a)  (i)??? 9??????????????
3.2.2 ??????????
?????????? 4? 9??????????? t = 30???????????
??????? 5????? 5? t = 30??????????? ! ?????? 1 ?
?? ky ???????????
jb!(ky)j2 =X
kx
jb!(kx; ky)j2
jb1(ky)j2 =X
kx
jb1(kx; ky)j2 (3.18)
????????????????? ! ????????????????? 1 ???
????????????
(c); (e); (g)????????? Sc = 1:0??????????????????? 
???????? ?????????????? ! ???????????? 1 ??
??????? ky ????????????????????????
??  ? ?????????????????(a); (b); (d)? Sc > 1???????
??????????  ?????????????????? ?????????
(b)? (e)? (a); (d)? (g)?????????????? ! ????????????
?????????????(a)??????? 1 ??????????? ! ????
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? 5: ?????  ????????  ??????????? ! ?????? 1 ?
t = 30????????????????? !????????? 1 ?????
??
????????Sc = 1:0??????????????(a); (d); (g)????? ??
?????  ???????????????????? ! ????????????
????????????????? 1 ??????? ?????????????
???????????????????????????? 1 ? ????????
???????????????  ??????????????????
????(f); (h); (i)? Sc < 1???????????? ????? ??????
???(e) ? (f) ? (g) ? (h); (i) ?????? Sc > 1 ??????  ???????
????? 1 ?????????????????????????????????
(g); (h); (i)????????  ????????????????? ! ???????
?????????????????????? ! ?  ??????????????
?????????? ?????????????????????
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3.3 ????????????????????????
??????????  ??????????????????????
3.3.1 ??????????
??????Lx = ?Ly =  ??? x 2 [0; Lx]?y 2 [0; Ly]?????????
?? ! ??????
!(0; x; y) = 0 (3.19)
???????? ?????? !(0; x; y)????????????? 1 ?
1(0; x; y) = f + n (3.20)
?????????f ; n ?? (3.14)?(3.15)?????
????t?? (2.76)????????????????????????????
? C = 0:1?????? h?? (2.77)?vmax ?? (2.78)????????? (3.16)?
??????????????? g = 1:0????
?????????????????????????  ?????????????
????????????????????????????????????
 = 10 1?10 2?10 3 (3.21)
?????????????????????????????????????? ?
?? Sc = 1:0?????????
??????  = 10 1?10 2 ??? Nx = 256?Ny = 256??? = 10 3 ????
Nx = 512?Ny = 512????
3.3.2  = 10 1 ????????
 = 10 1 ?????????????????????? b!kx;ky ?????????
?????? 6 ?????????????????????????????????
?????? Z ?
Z =
1
2LxLy
Z
j!(x; y)j2 dx dy (3.22)
??????????????? jb!kx;ky j2 ????????????? 6 ?????
(kx; ky) = (2; 0)?????????????????????????????????
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10-20
10-15
10-10
10-5
100
105
1010
 0  5  10  15  20  25  30  35  40  45  50
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 6:  = 10 1 ?????? b!kx;ky ??????????????????????
??? (? (3.22))???????????????????? jb!kx;ky j2 ????
?????
y ??????????????????????????????????? 6???
????? (2; 0)????????? [3]?
3.3.3  = 10 2 ????????
 = 10 2 ????????????????????? 7??? b!kx;ky ??????
???????????? 7???????????????????????????
?????????????????????????????
0  t  20????????
t = 0??  = 10 1 ?????????????????????????????
????????????????????????????? 8 ?? t = 10?t = 13
??????????????????????????t = 15??? (0; 2)?????
??????????(0; 2)???????????????????????????
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10-10
10-5
100
105
1010
 0  20  40  60  80  100  120  140  160  180  200
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 7:  = 10 2 ?????? b!kx;ky ??????????????????????
??????????????????????? jb!kx;ky j2 ?????????
??????? 7 ?????????t = 20 ???? x ????? vx ? y ?????
vy ??????????? 9 ????? 9??????? x????????????
??????????????? 9? (a)? y???????????? x??????
???????????????????????????????? (0; 2)?????
????? y ?????????????x????????????????????
??????????????????????????????????10  t  13
?????????????????????????
40  t  80????????
t = 40???? (0; 2)???????????????????????? t = 20?
?????????????????t = 40???? kx 6= 0????????????
????????t = 40???? x????? vx ? y ????? vy ????????
??? 10 ????? 10???? x???????????????????????
vx ? t = 20????????????????????????????x?????
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? 8:  = 10 2 ???? t = 1  20????? ! ?????????
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(a) x????? vx (b) y ????? vy
? 9: t = 20???? x?y ??????
(a) x????? vx (b) y ????? vy
? 10: t = 40???? x?y ??????
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10-10
10-5
100
105
1010
 160  165  170  175  180  185  190  195
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 11: t = 160???  = 10 2 ??????????? jb!kx;ky j2 ?????????
?????
????????????????????????????????????????
?????
t = 40?????????0  t  20?????????????????????
????????????(0; 2)????????????? x???????????
t  65?????????????????????
t = 160???????
(0; 2) ??? y ??????????????t = 160 ??????????????
? 11?? t = 180??? (2; 0)???????????????? (2; 0)??????
????????????????????????(2; 0)?????????????
11????????  = 10 1 ??????????????????????????
(2; 0)???????????????????????
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10-5
10-4
10-3
10-2
10-1
100
101
102
103
 0  100  200  300  400  500
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 12:  = 10 3 ?????? b!kx;ky ??????????????????????
??????????????????????? jb!kx;ky j2 ?????????
3.3.4  = 10 3 ????????
 = 10 3 ????????????????????? 12??? b!kx;ky ?????
???????????????????????????  = 10 2 ????????
?? t = 0 ?????????????????????????????? (? 13)?
????(0; 2)???????????????????????x?????????
?????????????????????
? 12 ??  = 10 2 ????????(0; 2) ??????????????????
???????????????????????????? = 10 3 ??????
 = 10 2 ????????????????????????????????????
??????? 110 ???????????????
1
10 ??? (0; 2)?????????
?????????????
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? 13:  = 10 3 ???? t = 1  16????? ! ?????????t = 8  13??
???????????????????
40
4 ??????????????????
???????????????????????????????????????
??????????
4.1 ?????????????????????????
???????????????????????????????????????
????????????? [2]?????????????????????????
???????????
 = 0 ????????????? (2.31) ???? (@t + v0@x) ?????????
??v0 = v0(y)???????  = 0??????????????? (2.40) ????
????? Poisson ??? (2.34) ?????????????????? ?????
??
(@t + v0@x)
2 = 2g@
2
x (4.1)
??????????2g = g00=0 (? (2.115))????
?????????????????
(t;x) =
Z bk(t)ei(kxx+eky(t)y) (4.2)
????????eky(t) = ky   kxt????
? (4.1)?? (4.2)?????????? b??????????
d2
dt2
h
k2x +
eky(t)2 bi = k2x2g b (4.3)
??????
??????????? b?????????????????t???????
t ky
kx
; t 1

(4.4)
??????????k????????
d2b
dt2
+
4
t
db
dt
+
2  
t2
b = 0 (4.5)
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?????????
 =
2g
2
(4.6)
?????????????? g ????????????  ??????? (4.5)?
??? b = C1tm+ + C2tm  (4.7)
????????C1 ??? C2 ??????
m =
 3p1 + 4
2
(4.8)
????m+ > m  ?? (4.7) ?????????? m+ ?????????????
 < 2???
lim
t!1
b = 0 (4.9)
?????????????  = 
2
g
2 < 2 ????????????????????
?? > 2???????????
4.2 ????????????????????
???????????????????????????????????????
??????????
4.2.1 ??????????
??????Lx = ; Ly =  ??? x 2 [0; Lx]; y 2 [0; Ly]???????????
? ! ??????
!(0; x; y) = 0 (4.10)
???????? ?????? !(0; x; y)?????????
???????????????????????????????????????
??????????????????????????????????
 ??????????????????????
1(0; x; y) = f =  cos(2x+ 10y) (4.11)
 ?????????????????????
1(0; x; y) = 10
 3f = 10 3 cos(2x+ 10y) (4.12)
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 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0.06
 0  2  4  6  8  10  12  14
φ m
a
x
Time
linear : 10-5(×103)
nonlinear : 10-2
nonlinear : 10-2 + noise
? 14: ???? ???????????????????????????????
?????????????????????????????????? +?
????????????????????????
 ???? +??????????????????????
1(0; x; y) = f + n (4.13)
????f?n ?? (3.14)?(3.15)?????f ????  = 10 2 ????
???? t ?? (2.76) ?????????????????????????
C = 0:1?????????? h?? (2.77)???vmax ?? (2.78)???????
????????????? (3.16)???? g = 1:0??????  ???????
? ?????  = 10 3? = 10 3 ?????????????Nx = 256?Ny = 256
????????????????????????????????????????
?? t = 12??????????????????????????????????
????????????????????????  = 1:0????
4.2.2 ??????????
3 ?????????????????????? 14 ????? 14 ?????  ?
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?????????????????????????????????? 10 3 ???
???? f ????????????????????????????? f ???
???????????????????? +??? (f + n)??????????
????????????????????????? (??)??????? 103 ??
?????????????
????????????????????????????????? (??)???
????????? (??)??????? 14????????????????? 103
????????????????????????????????????????
????????????????????????????????????????
??????????????????????????????  = 2g=2 = 1:0 < 2
????????????????????????? 14?????????? t = 5
?????????????????????????????????t = 5????
????????????????????????????????????????
? t???????????????????????????????????? [2]?
???????? +?????????????????????? (??)????
???? 14?????? 2???????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???t = 5????????? t = 8??????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????t = 8?????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????
4.3 ?????????????????????????????
?????? < 2??????????????????????????????
???????
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4.3.1 ??????????
???????????????? 4.2.1??????????????? 1(0; x; y)
??
1(0; x; y) =
X
kx;ky
 (Rc cos(kxx+ kyy) +Rs sin(kxx+ kyy)) (4.14)
????????????????????(kx; ky) = (0; 0)????? 0???????
???????????????????????????????????????
????????????????????? Rc, Rs ???????????Rc, Rs ?
????
Rc; Rs = R exp
"
 k
2
x + k
2
y
2c2
#
(4.15)
????????R?  1 < R < 1?????????????c = 10????????
????????  = 10 2 ????
???? t ???????????? g ??????4.2.1 ??????????
?????  ???????? ?????  = 10 3? = 10 3 ??????????
??? Nx = 512?Ny = 1024????????Ny ????????????????
??????????????? eky(t) = ky   kxt ????????????????
??????????
?????????????  = 1:0, 2:0? 2??????????????????
????????? ???????  = 1:0, 0:25?????????????????
4.3.2  = 1:0???????????
 = 1:0????????????????????????? 15??? b!kx;ky ??
????????????????????????????????????????
???? y ?????? eky(t) ????2.3??????????? eky(t)? y ????
???????????????????? 15??????????????????
?? kx 6= 0?????????????????? ky = eky(0)???????????
???????????????????????????
? 15 ????????????????????????????????????
????kx 6= 0??? t > 13??????????????????????????
??????????????????????????? eky(t)??????????
 ??????????????????
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10-5
10-4
10-3
10-2
10-1
100
101
102
103
 0  20  40  60  80  100
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 15:  = 1:0 ?????? b!kx;ky ??????????????????????
??? (? (3.22)) ???????????????????? jb!kx;ky j2 ???
??????
? 16 ? t = 20 ????? ! ???????? 16 ?????t = 6 ??????
??????????????????????t = 10 ????????????
t = 13????????????????????????? 16? t = 10?????
? (x; y) = (2:3; 2:7)??? Kelvin-Helmholtz???????????????????
Kelvin-Helmholtz???????????????????????????????
????????????????????????? [18]?
????t = 10 ?????????? Kelvin-Helmholtz ????????????
????????????????????????????????? 17 ? t = 10
??????????????? ! ???????????????????t = 8 ?
????????????????????????????????????? t = 8
???????????????????????????????????????
????????????? +x???????t = 8???????????????
??????????t = 8:7??????????????????????????
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? 16:  = 1:0 ??????????????? t = 3  20 ????? ! ????
t = 10; 13; 20 ???? Kelvin-Helmholtz ????????????????
???
47
? 17: t = 10????? Kelvin-Helmholtz???????????????????
??????????? ! ???????????????????
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??t = 9:4 ???????? (x; y) = (0:5; 2:0) ?????????????????
?????????????????????????????????? t = 9:4??
???????t = 10 ?????????????? Kelvin-Helmholtz ??????
?????????????t = 10 ???????????????????????
((x; y) = (1:6; 2:5))???????????????????????????????
??? t = 10??????????????????????Kelvin-Helmholtz???
???????????????
? 17?? t = 10???? Kelvin-Helmholtz??????????? t = 8????
?????????????????? t = 8???????? 1  1:2???????
?????? 1??????????????????? Kelvin-Helmholtz?????
????????????????
???????????????????????????????????????
????????????????????????????????????????
???????? 2?????? Kelvin-Helmholtz???????????????
4.3.3  = 2:0???????????
?????????????????????????  = 2:0??????????
???????????? 18??? 20????? 18???????????????
?????????????????t = 3?????????????????????
 = 1:0????????????? Kelvin-Helmholtz??????????????
??????? 19???? Kelvin-Helmholtz???????????????????
????? 19?????????????????????????????????
????????????????????????????????????????
????????????? 18? kx = 0?????? ky ?????????????
????????????????????????????????????????
????????????????????????????????? 19?????
???????????????????????
? 20 ?  = 1:0? = 2:0 ????????????????? t = 3 ??????
?????????? jb!kx;ky j2 ??? (kx; ky) ??? 2 ??????????????
? 20??  = 1:0? = 2:0???????????????????????????
?  = 2:0?????????????????????????????  = 1:0??
 = 2:0 ??????????????? = 2:0?????????????????
??????????????????
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10-10
10-8
10-6
10-4
10-2
100
 0  10  20  30  40  50
|ω k
x,
k y
|2
Time
k total
kx= 2 ky= 0
kx= 4 ky= 0
kx= 6 ky= 0
kx= 8 ky= 0
kx=10 ky= 0
kx= 0 ky= 2
kx= 0 ky= 4
kx= 0 ky= 6
kx= 0 ky= 8
kx= 0 ky=10
? 18:  = 2:0 ?????? b!kx;ky ??????????????????????
???
P
kx;ky
jb!kx;ky j2 ????????????????????? jb!kx;ky j2
?????????
???????????????Kelvin-Helmholtz????????????????
??????????????????? t = 3 ???????????? 21 ????
? 21???????? 0.12???????????????Kelvin-Helmholtz???
?????? 17? t = 8?????????????????? 1=10???????
???????????????????????? Kelvin-Helmholtz???????
?????????????????????????????????
4.4 ?????
4.3.2???  < 2??????????????? 2?????? Kelvin-helmholtz
????????????????????????????????????????
????????????????????????? [7]?????????????
????????????????????????????????????????
????????
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? 19:  = 2:0 ??????????????? 3  t  20 ????? ! ????
 = 1:0???????? Kelvin-Helmholtz????????????????
???????????
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(a)  = 1:0 (b)  = 2:0
? 20:  = 1:0?  = 2:0???????????? t = 3????????? jb!kx;ky j2
? 2???????
? 21:  = 2:0???????????? t = 3???????????
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10-6
10-5
10-4
10-3
10-2
10-1
100
101
102
 10  100
ky
-1.34
|ω(
k y)
|2
ky
t=20
t=30
t=40
t=50
t=60
t=70
t=80
t=90
? 22: ?? 20  t  90????  = 1:0????????????????????
?????????????????? 10  ky  100???? t = 30????
???????????????????????
???????? 4.3.2 ???????????????????????????
???????????  ?????????  ?????????????????
????????????????????????????????????????
4.4.1 ???????
4.3.2??  = 1:0??????????????????????????????
????????????????????????????????????????
??????????????????????????????????? [12, 19]?
???????????????????????????????????
 = 1:0???????????????????????????????? 22?
?? 20  t  90???????????????????????
jb!(ky)j2 =X
kx
jb!(kx; ky)j2 (4.16)
????????????????????????????????????????
?? 10  ky  100???? t = 30???????????????????????
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10-10
10-9
10-8
10-7
10-6
10-5
10-4
 10  100
|ω(
k y)
|2
ky
t=20
t=30
t=40
t=50
t=60
t=70
t=80
t=90
? 23: ?? 20  t  90????  = 2:0????????????????????
????????????
?????????? 22?????????????  1:34????????????
????????????????????? 20  t  50?????????????
????????????????????????????????????????
???????? [12]?????t = 20??????????????????????
????????????????????????????????????????
????????????t  60?????????????????????????
??? ky = 2??????????????????????20  ky  60?????
??????????????????20  t  50???????????? t  60?
??????????????
????4.3.3???  = 2:0?????????????????????????
?????????????????????? 20  t  90????????????
????????????? 23????? 23??  = 2:0????????????
??????????????????????????????
???????????????????????? ky = 2?????? 22?? 23
?????????????  = 1:0?? jb!(ky = 2)j2 = 30  50?????????
????? = 2:0?? jb!(ky = 2)j2 = 10 5 ???????????????????
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???????????????????? 2???????????????????
????????????????????????????ky = 2???? 2???
??????????????????????????????
4.4.2 ??????????
???????????????? 4.2.1??????????????? 1(0; x; y)
?
1(0; x; y) =
X
kx;ky
 (Rc cos(kxx+ kyy) +Rs sin(kxx+ kyy)) (4.17)
????????(kx; ky) = (0; 0) ????? 0 ????Rc; Rs ????? (4.15) ??
????????
???????????? ?????????  ????????????????
?  ?????
??????? :  = 10 3?10 2?10 1
???????? :  = 0:5?1:0?1:5?2:0
(4.18)
???????? t???????????? g ??????4.2.1????????
???????  ????????  ?????  = 10 3? = 10 3 ???????
?????? Nx = 512?Ny = 1024????
4.4.3 ??????????
??? 0:5; 1:0; 1:5; 2:0?????????????????????? = 0:5?
??
 =
2g
2
=
1
0:25
= 4 > 2 (4.19)
?????????????????????????? ?????  < 2?????
?????????????????????
????? = 0:5 ???  ????????????????????????
 = 0:5???????????????????????????????? ???
????????????????????????????????????????
????????????????????????????????????????
???  1:0 ?????????  ?????????????????????
????????????????????????????????????? 24?
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? 24:  = 10 1; 10 2; 10 3? = 1:0; 1:5; 2:0??????????????????
???????????
????????? 4.4.1????????????????????????????
????? 24?  = 10 1 ? 3?????  = 1:0;  = 10 2 ????????????
????????????????????????????????????????
?? 10  ky  100????????????????? = 1:0;  = 10 2 ?????
t = 30??? = 1:0;  = 10 1 ?? t = 20??? = 1:5; 2:0;  = 10 1 ?? t = 60
????????????????????????????????????????
???ky = 2???????????????????? jb!(ky = 2)j2  10 ????
????? 2??????????????????????????????????
????????????????????????????????????????
? 24?  = 1:5; 2:0;  = 10 2 ? 2??  = 10 3 ? 3??????????????
???????????????????????????????????ky = 2?
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? 25: ???????  ?????????  ?????????????????
????????????????????????????????????
?????????????
??????????????????????? jb!(ky = 2)j2 < 10 3 ???????
???????????2????????????????????????????
?????????????
???????????????????????????????????????
???????????????????????????????????????
????????? = 1:0 ????  = 10 3 ? 10 2 ???? = 1:5; 2:0 ????
 = 10 2 ? 10 1 ????????????
?????????????????????????????????????
??????????????????????? 26 ?  = 10 2? = 1:0 ???
t = 1:0???????????  = 10 1? = 1:0? t = 1:0???????????
???? 26 ?????????????? 10 ??????????????????
???????????????????????????????????????
Kelvin-Helmholtz ????????????????????2 ??????????
??????????????????
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(a)  = 10 1 ???? (b)  = 10 2 ????
? 26: ?? t = 1:0????  = 10 1? = 1:0????????  = 10 2? = 1:0
????????
5 ???
?????????????? 2????????????????????????
????????????????????????????????????????
????????????????????????????????????????
??????????????????????? 3?? Adams-Bashforth?? 2??
????????????????????
? 3????+y ???????????  y ??????????????????
???????????????????????????????????????
????????????????????????????? x????? kx ???
??y ?????? ky = 0???????????????????????????
???????????  ????????????????????  ??????
???????????????????? ! ?????? 1 ???????????
? ?????????????????????????????????  ? ?
????????????????????? ? ????????????????
??  ????????????????????????????? = 10 1 ???
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????????????????? kx ?????ky = 0????? (kx; ky) = (2; 0)
???????????????????????????????? y???????
??????????????????????? [3]? = 10 2 ??????????
????????????????????????????????(kx; ky) = (0; 2)
???????????????????????????????????????
????????????????(kx; ky) = (0; 2)?????????????? x?
???????????????????????????????????????
???????????????????????? (kx; ky) = (0; 2)????????
?????x??????????????????????????????????
????? = 10 1 ????????? (kx; ky) = (2; 0)?????????????
?????????????????????? = 10 3 ?????????????
 = 10 2 ???????????????????? (kx; ky) = (0; 2)???????
????????????????????????????? = 10 3 ??????
????????? (kx; ky) = (0; 2)???????????????????????
???????????????
? 4????? 3????? +y ???????????  y ???????????
?????????????????????? y > 0? +x?????y < 0?  x?
????????????????????????????????????????
????????????????????????????????????????
???????? g ?????????  ?? ?  = 2g=2 < 2????????
?????????? [2]????????????????????????????
????????????????????????????????????????
????????????g = 1:0???  = 1:0; 2:0??????????????
??????????????????? = 1:0?????????????????
??????????????? jb!kx;ky j2 ? x?????? kx 6= 0?????????
????????????????????????????????????????
? ! ?????? Kelvin-Helmholtz???????????????????????
????????????????????????????????????????
???????????????? 2?????? Kelvin-Helmholtz????????
???????????? = 2:0????????????????????????
???? ???????????????????????????????????
?????????????????  ?????????  ???????????
????????????????????????????????????????
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????????????????????????????????????????
?????????????????
??????????????????? Kelvin-Helmholtz???????????
????????????????????????????????????????
????????????????????????????????????????
??????????????????????????????
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